We study theoretically the complex network of forces that is responsible for the static structure and properties of granular materials. We present detailed calculations for a model in which the fluctuations in the force distribution arise because of variations in the contact angles and the constraints imposed by the force balance on each bead of the pile. We compare our results for force distribution function for this model, including exact results for certain contact angle probability distributions, with numerical simulations of force distributions in random sphere packings. This model reproduces many aspects of the force distribution observed both in experiment and in numerical simulations of sphere packings.
I. INTRODUCTION
Disordered geometric packings of granular materials [1] have fascinated researchers for many years. [2] Such studies, with their applicability to the geometry of glass-forming systems, initially were concerned with categorizing the void shapes and densities. More recently, partly in recognition of the ubiquity of granular materials and their importance to a wide variety of technological processes, interest has focused on how the forces supporting the grains are distributed. Visualizations of two-dimensional granular systems [3] demonstrate weight concentration into "force chains." It is natural to expect that similar concentrations of forces will occur in three dimensions. The distinctive forces in bead packs also give rise to distinctive boundary-layer flow [4] and novel sound-propagation properties. [5] Ref. [7] presents experiments, simulations, and theory characterizing the inhomogeneous forces that occur in stationary three-dimensional bead packs, focussing particularly on the relative abundance of forces that are much larger than the average. If the bead pack were a perfect lattice, then, at any given depth, no forces would be greater than some definite multiple of the average force. At the other extreme, if the network of force-bearing contacts were fractal, [6] then fluctuations in the forces (characterized, say, by their variance) would become arbitrarily large compared to the average force at a given depth, as the system size is increased. Ref. [7] shows that the forces in bead packs are intermediate between these two extremes. The forces are unbounded, but the number of large forces falls off exponentially with the force. The fluctuations remain roughly the same as the average force, regardless of how large the bead pack becomes. A simple model was introduced to understand the results of the experiments and simulations. This paper presents the detailed analysis of the model introduced in Ref. [7] . The model yields force distributions which agree quantitatively with those obtained in numerical simulations of sphere packings. Generic distributions of contacts lead to force distributions which decay exponentially at large forces, though a special distribution exists for which the force distribution is power law. We discuss the relationship of this model to other related systems as well as present the analysis leading to the results that are quoted in Ref. [7] without derivation.
The paper is organized as follows. Section II defines the model, discusses several limiting cases that have been discussed previously in other contexts, and then presents our analysis of the force distribution expected in the context of force chains in bead packs. Special emphasis is placed on one particular contact distribution, the "uniform" distribution, which is the most random distribution consistent with the constraint of force balance. We first present a mean field solution for this model, and then show that this mean field solution is exact. We also obtain exact results for a countable set of non-generic distributions as well as mean-field and numerical results for other contact distributions. Evidence is presented that almost all contact distributions lead to exponentially decaying force distributions. Section III discusses numerical simulations of sphere packings, which we analyze to obtain contact probability distributions to be used in the q-model. We show that the force distribution predicted by the model with this contact distribution agrees quantitatively with the force distribution in the simulation. Appendix A presents some mathematical identities concerning the uniform q-distribution which are used in the text.
II. THE q-MODEL A. Definition of the model
Here we introduce the model, which assumes that the dominant physical mechanism leading to force chains is the inhomogeneity of the packing causing an unequal distribution of the weights on the beads supporting a given grain. Spatial correlations in these fractions as well as variations in the coordination numbers of the grains are ignored. We consider a regular lattice of sites, each with a particle of mass unity. Each site i in layer D is connected to exactly N sites j in layer D + 1. Only the vertical components of the forces are considered explicitly (it is assumed that the effects of the horizontal forces can be absorbed in the random variables q ij defined below). A fraction q ij of the total weight supported by particle i in layer D is transmitted to particle j in layer D + 1. Thus, the weight supported We take the fractions q ij (D) to be random variables, independent except for the constraint j q ij = 1, which enforces the condition of force balance on each particle. We assume that the probability of realizing a given assortment of q's at each site i is given by a distribution function ρ(q i1 , . . . , q iN ) = { j f (q ij )}δ( j q ij − 1). We define the induced distribution η(q) as:
Because ρ(q i1 , . . . , q iN ) is a probability distribution and N i=j q ij = 1, the induced distribution must satisfy the conditions 1 0 dqη(q) = 1, 1 0 dη(q) = 1/N. In this paper we focus on the force distribution Q D (w), which is the probability that a site at depth D is subject to vertical force w. We obtain Q D (w) for different distributions of q's. We will also consider the force distribution P D (v) for the normalized weight variable v = w/D. For η(q) = δ(q − 1/N), where each particle distributes the vertical force acting on it equally among all its neighbors, the force distribution at a given depth is homogeneous:
. At the other extreme, there is a "critical" limit, when q can only take on the values 1 or 0, so that weight is transmitted to a single underlying particle. For this, as discussed in the next section, the force distribution obeys a scaling form and decays as a power law at large forces, Q(w) ∝ w −c , where c(N ≥ 3) = 3/2 and c(N = 2) = 4/3. We demonstrate that this power law does not occur when q can take on the values other than 1 and 0, as is the case for real packings. Generic continuous distributions of q's lead to a distribution of weights that, normalized to the mean, is independent of depth at large D and which decays exponentially at large weights. We solve the model exactly for a countable infinite set of q-distributions, and present mean-field and numerical results for other distributions of q's.
B. The q-model for the "critical" case
We first consider the case where each particle transmits its weight to exactly one neighbor in the layer below, so that the variable q is restricted to taking on only the values 0 and 1. We denote this (singular) limiting case of our model by the "q 0,1 limit." Figure 1 shows the paths of weight support for a two-dimensional system in this limit. The solid lines correspond to bonds for which q = 1. that in the q 0,1 limit the model yields a broad weight distribution.
The defining equations of the q 0,1 limit of our model are known to be identical to those of Scheidegger's model of river networks [9] and a model of aggregation with injection; [10, 11] the model is also equivalent to that of the directed Abelian sandpiles. [16, 15, 14] (The number of neighbors below a particle, N, corresponds to the dimensionality d in these models.) The last equivalence follows [14, 15] if we define G 0 ( X 1 ; X 0 ) as the probability that the weight of site X 1 is supported by site X 0 in the same row or below it. The conditional probability that X 1 is supported by X 0 , given that l of the N neighboring particles in the row below are supported by X 0 , is l/N. Thus,
where { X 1 − e i } are the neighbors of X 1 in the row below it, and the δ-function term follows because each particle must support its own weight. Similarly, the probability that two sites X 1 and X 2 in the same row are supported by X 0 satisfies:
for X 1 = X 2 . These equations are precisely those that describe the behavior of the correlations of the avalanches in the directed Abelian sandpile. [16] [19] In this model, an integer "height" variable z( X) is assigned each site X on a lattice. The dynamics are defined by the rule that if any z( X) exceeds a critical value, z c , then the variables at m nearest neighbor sites along a preferred direction increase by 1, while z( X) decreases by m. In this context G 0 ( X 1 ; X 0 ) is identified with the probability that adding a particle at X 0 creates an avalanche that topples over the site X 1 . Higher order correlations are mapped similarly.
The distribution of weights in our model is mapped to the distribution of avalanche sizes.
All these models [9] [10] [11] 15, 16] have been studied as examples of self-organized criticality, [12] because they lead to power law correlations without an obvious tuning parameter.
However, in the context of our model, the q 0,1 limit is a singular one, where the probability of q = {0, 1} has been tuned to zero. As we shall show in this paper, generic distributions η(q), for which the probability that q = {0, 1} is nonzero (no matter how small), yield completely different results, with the distribution of weights decaying exponentially at large weights. With hindsight, we identify the probability for a river to split in the river network model, [9] and the probability for a colloidal particle to fragment in the aggregation model [10, 15] as hidden parameters that were tuned to zero. The corresponding parameter for directed Abelian sandpiles is less obvious.
The equivalence of our model in the q 0,1 limit to the models discussed above can be exploited to obtain some results for the distribution of weights. Recalling that the dimen-sionality, d, in these models corresponds to our N, we know that the weight distribution function at a depth D, Q D (w), has a scaling form for all N:
where g(x) → x −c as x → 0 (with a cutoff at w of O (1)).
The normalization constraints, 6) so that there is only one free exponent. For d = 2, the random walk argument at the beginning of this subsection suggests that b = 3/2, [8] which agrees with the exact result.
[11] For d > 2, random walks are less likely to coalesce, and this argument breaks down.
In mean field theory one obtains the analytic result b = 2, [10] and exact analytic results for directed Abelian sandpiles in all dimensions [16] show that mean field theory is valid for Thus, in the q 0,1 limit of our model, the distribution of weights, Q(w), is independent of D as D → ∞, and is of a power law form, and hence is infinitely broad.
C. The q-model away from criticality.
The rest of this paper concerns probability distributions of the q's that do not have the property that q takes on only the values 1 and 0. We argue that all such distributions lead to force distributions that differ qualitatively from those described in the previous subsection.
The q 0,1 limit is the only one that yields a power law force distribution; other distributions lead to a much faster, typically exponential, decay. In addition, for other q-distributions, the distribution for the normalized weight v = w/D, P D (v) converges to a fixed distribution
In contrast, in the q 0,1 limit, the quantity Q D (w) converges to a fixed function. In this subsection we present evidence for these assertions via both numerical simulations and mean field analysis.
Numerical simulations
Our numerical investigations all indicate that that for all q-distributions except for the
To illustrate typical behavior, we consider the specific q-distribution consisting of N − 1 bonds emanating down from each site with value q = q 0 < 1/(N − 1) and one bond with q = 1 − (N − 1)q 0 , which has the induced distribution: This is consistent with the result in the previous section that Q D (w) becomes independent of D at large D.
Mean field theory
The technique of the mean field analysis for a general q-distribution is a generalization of that used for the q 0,1 case. [10] The weight supported by a given site at depth D, w i (D), depends not only on the weight supported by the sites at depth D − 1 but on the values of q for the relevant bonds:
In general the values of w at neighboring sites in layer D are not independent; the mean field approximation consists of ignoring these correlations.
As discussed above, when q is allowed to take on values other than 0 and 1, it is useful to study the force distribution function as a function of the normalized weight at a given depth,
In terms of the normalized weight variable v, the mean field approximation leads to a recursive equation for the weight distribution function P D (v):
The quantity η(q) is defined in Eq. (2.2). The constraint that the q's emanating downward from a site must sum to unity enters only through the definition of η(q) because there is no restriction on the q's for the ancestors of a site. The only approximation here is the neglect of possible correlations between the values of v among the ancestors.
By Laplace transforming, one finds thatP D (s), the Laplace transform of the distribution function of the normalized weight P D (v), obeys:
First we show that the weight distribution P (v) decays faster than any power of v for all q-distributions except those that only take on the values 0, 1. We expand the Laplace transformP (s) in powers of s,P (s) = 1 + ∞ j=1 P j s j , and plug into Eq. (2.11), obtaining:
Here, s is the Laplace transform variable, q j = 1 0 dj η(q), and we have used q = 1 N .
Equating the coefficients of s j on the left and right hand sides of the equation, we obtain a linear equation for P j :
where G is some complicated polynomial. This can be iterated to obtain P j for successively higher values of j.
If q can take on only the values 0 and 1, then q j = q and [N q j − 1] = 0 for all j > 1.
However, for any other distribution of q's restricted to the interval [0, 1], the distribution for q j is shifted towards the origin compared to the distribution for q k , whenever j > k. Since Now we consider the distribution of weights for non-critical distributions of q's. Motivated by the geometrical disorder present in granular materials, we focus especially on continuous distributions. First we calculate this distribution within a mean field approximation for the simplest possible continuous distribution,
We show that within mean field theory, all "typical" continuous q-distributions lead to a force distribution that decays exponentially at large weights. We will show later that the mean field solution is exact for a countable set of q-distributions, including the uniform q-distribution.
Mean field theory for the uniform distribution
One example of a q-distribution that can lead to an exponentially decaying distribution of weights is the "uniform" distribution of q's, for which the probability of obtaining the
Thus, for this q-distribution in the limit D → ∞ the mean field force distribution is the solution to the self-consistent equation:
First consider N = 2. For this case η(q) = 1, so Eq. (2.14) becomes:
LettingṼ (s) = (P (s)) 1/2 and u = qs, one obtains:
Differentiating with respect to s yields:
which can be integrated to yieldṼ
The constant of integration C is determined by the definition of the mean,
This method can be generalized for all N.
Eq. (2.14), and differentiating N − 1 times, one finds thatṼ N (s) obeys the differential equation:
, where C is any constant. This can be shown by induction: Assume that
(2.20)
Since direct substitution can be used to show that the identity holds for N = 2, it holds for all N.
The condition
is satisfied when C = N. Hence one finds the weight distribution:
The question of uniqueness of this solution is discussed below.
Mean field asymptotic force distribution for generic continuous q-distributions
We now show that, within mean field theory, generic continuous q-distributions lead to weight distribution functions P (v) for the normalized weight v which have the asymptotic
We consider q-distributions of the form ρ(q i1 , . . . , q iN ) = { j f (q ij )}δ( j q ij − 1) (the uniform distribution is f (q ij ) = constant). If f (q ij ) has a nonzero limit as q ij → 0, and does not have a δ-function contribution at q ij = 0, then phase space restrictions imply that the induced distribution η(q) ∼ (1 − q) N −2 for q → 1. This is because if a site receives a fraction q of the weight from one of its predecessors, then the fractions received by all the other successors of that predecessor, {q 2 . . . q N } must add up to 1 − q. For q close to 1, this gives a phase-space volume of the order of (1 − q) N −2 .
To determine the large v asymptotics of P (v), we use the result of Sec. (II C 2) that P (v) must fall off faster than any power of v. We write the D → ∞ limit of Eq. (2.9) as:
Since P (v) decays quickly (in particular, faster than 1/v), the apparent singularity near q = 0 in Eq. (2.26) is not really there. The integral is dominated by q ≈ 1. This follows
Since ∂ln P (u)/∂ ln u → −∞ as u → ∞, this expression becomes very small as 1−q increases.
Thus, for large v, since η(q) ∼ (1 − q) N −2 for q ≈ 1,
Already it is clear that P (v) for any generic q-distribution has the same large-v asymptotics as the uniform distribution, since the asymptotics are determined entirely by the phase space restrictions on η(q) for q ≈ 
Since the expression in square brackets diverges with v, this is not possible either. Thus
, where h(v) varies more slowly than an exponential.
Eq. (2.25) then implies:
Hence we have shown that for generic continuous q-distributions, within mean field theory
3. Mean field theory for singular q-distributions.
We have shown that all q-distributions which satisfy the condition
N −1 as q → 1 have a weight distribution within mean field theory that is of the form
This condition on η(q) is satisfied under fairly general assumptions: one requires (1) that the probability density for any q ij in Eq. (2.8) have a nonzero q ij → 0 limit and (2) that it not have a δ-function contribution at q ij = 0.
However, as we shall see below, to compare the results of the q-model to molecular dynamics simulations and to experiments on real bead packs, it is useful to consider the case where there is a finite probability for some of the q ij 's to be zero, which implies that the induced distribution η(q) has a δ-function at q = 0 (and in some cases at q = 1).
[23] Such a choice for η(q) is also useful in examining the crossover from the critical q 0,1 limit to the smooth q-distributions considered in the previous subsection. We will see that q-distributions of this type lead to force distributions P (v) that decay exponentially, though with different power laws multiplying the exponential than for continuous q-distributions.
We first note that, when η(q) has a finite weight at q = 1, it is impossible forP (s) to diverge at any s. The solutions of the formP (s)
were possible because, in Eq. (2.11), the integral over q reduces the singularity, which is compensated by the exponentiation. With a finite weight at q = 1, close to a divergence at s 0 one would haveP (s) ∝ [P (s)] N , which would be impossible as s → s 0 .
It is instructive to consider first a simplified version of such singular q-distributions. Let us consider the case of N = 2, and assume that η(q) has the form:
with 0 < θ < 1. This η(q) satisfies the conditions dq η(q) = 1 and dη(q) = 1/2 for all θ. Eq. (2.11) then simplifies to: Eventually the result of this iteration scheme is complex rather than real, signifying that s is in a region whereP (s) has a branch cut. It is easiest to find the origin s 0 of this branch cut by adjustingP (s 0 /2) so that Eq. (2.33) has a double root forP (s 0 ), and then iterating backwards to obtainP (s 0 /2 n ). As n → ∞, by matching on to the requirement that 
Although the power law prefactor is different from that in Eq. (2.31), there is still an exponential decay.
We now consider possible changes to Eq. (2.34) from choosing η(q) of a more complicated form than Eq. (2.32). For any η(q) of the form
with 0 < λ < 1, one can use the method outlined above to find thatP (s) has a square-root branch cut at some s 0 . This answer is not affected by making n large, so long as c 0 remains nonzero. As n → ∞, with all the c i 's for i > 0 tending to zero, we can approach arbitrary continuous distributions for η(q) with δ functions at q = 0 and q = 1.
For N > 2, Eq. (2.33) is changed to a higher order equation. This, however, does not generically change the results above. Even for higher order equations, the degeneracy of the roots generally occurs only pairwise, so that close to the point of degeneracy the singularly ranging roots still have a square-root singularity. It will, however, be possible to find nongeneric choices for η(q) that could result in an asymptotic form
with N ≥ m ≥ 2.
E. Beyond mean field theory
Proof that mean field theory is exact
In this section we prove that the mean field solution presented in the previous subsection is an exact solution of the model with the uniform q-distribution for any N.
In general, the mean field theory presented above is not exact because it does not account for the fact that two neighboring sites in row D+1 both derive a fraction of their weight from the same site in row D. Suppose a site j in row D + 1 has w(j) much larger than the average value. Then it is likely that the weight supported by an ancestor w(i) in row D is larger than average also. Because this ancestor transmits its weight to a neighboring site in row D + 1 as well, there is a "correlation" effect that creates a greater likelihood that in a given layer sites supporting large weight are close together. On the other hand, there is a "anticorrelation" effect arising because j q ij = 1; if a large fraction of the weight from site i is transmitted to site j, then small fractions are transmitted to the other "offspring" sites. When the q's are chosen from the uniform distribution, these "correlation" and "anticorrelation" effects cancel exactly.
The result that the mean field correlation functions are exact for the uniform distribution of q's can be understood by considering the system in terms of weights on bonds. Each bond {ij} corresponds to a particle with "energy" E ij = v i q ij . Moving down by one layer corresponds to having groups of N particles colliding at each site and emerging with different energies, subject to the constraint that the total energy of all N particles colliding at each site is unchanged by the collision.
For the "uniform" q-distribution, each collision takes N particles of energies e α 1 , . . . , e α N and changes their energies to E α 1 , . . . , E α N , subject only to the constraint that e α = E α .
If we start with a "microcanonical" ansatz for the phase-space density, i.e. that it is uniform over the space E α = E, then it is preserved by the collisions. Hence, the microcanonical density is the correct one for this system.
With a microcanonical density for a large collection of particles, the density for any finite subgroup is canonical (in the thermodynamic limit).
[26] Thus, we have shown for this case that the distribution of "bond forces" is exponential, which is the most random distribution consistent with the constraint that the sum of the forces is fixed. [26, 27] Note that this argument does not hold for q-distributions other than the uniform one.
For instance, in the q 0,1 limit, each collision takes all the energy of the group and gives it to one of the colliding particles. Thus, even if we start with the microcanonical distribution, it breaks down at the very first step. For general q-distributions, the phase space density is not separable, i.e., mean field theory is not exact and there are spatial correlations within each layer.
The explicit algebraic proof proceeds by constructing exact recursion relations for the correlation functions describing the weight distribution in the model in row D + 1 in terms those for row D, and showing that the mean field correlation functions are invariant under this recursion. We ignore the weight added in each row because we are looking for the fixed distribution very far down the pile.
Let P D (u i ) be the probability that site i in row D supports weight
be the probability that sites i 1 and i 2 support weight u i 1 and u i 2 , respectively, and
. . , u in ) be the normalized joint distribution describing the probability that sites i 1 , i 2 , . . . , i n support weights u i 1 , . . . , u in , respectively. The mean field joint probability distributions are given by the mean field P (u) and 
We define the general Laplace transform
Laplace transforming Eq. (2.37), one obtains: 
Using the identity [24] N n=1 (a n )
with a n = 1 + M j=1 η in (j)s j /N, one finds:
If a given bond {in} connects to no sites in the descendant cluster, then every term in the sum in the denominator of Eq. (2.42) is zero, and the {in} th term in the product is unity. If the bond connects to a site in the descendant cluster, then η in (j) is unity for exactly one j.
Each site j in the descendant cluster is connected to exactly N antecedents in row D, so:
Thus, the mean field correlation functions are preserved from row to row for this qdistribution.
Other q distributions
We have identified a countable set of q-distributions for which mean field theory is exact, those of the form f (q ij ) = q r , for all integer r (the uniform distribution is r = 0). The result-
The demonstration that this solution is exact follows precisely the same line of reasoning as for the r = 0 case presented in the previous subsection, utilizing the identity: [24] N n=1 (a n ) provides an accurate quantitative estimate for P (v) over a large range of v.
Uniqueness of the steady state distribution
In this subsection we show that our results (numerical and analytical) for the force distribution do not depend on either the boundary conditions imposed at the top of the system or on the specific realization of randomness a particular system might have. for D > l. Thus for a system of finite transverse extent, the distribution of weights at the bottom of the system is independent of the loading on the top row in the limit that the height of the system is infinite. For the case when all dimensions of the system are made infinite the situation is trickier; due to the conservation of δw under the evolution of Eq. (2.45) discussed above, if one were to make δw positive on one side of the top row and negative on the other half, for a system of transverse extent L it would require a height O(L 2 ) for the effects of this perturbation to "diffuse" away. For generic loading at the top, however, we do not expect such an anomalous concentration of fluctuations into only the longest wavelength modes of the system, and ∆(D) should decay with D even if all dimensions of the system are enlarged.
We have seen that the distribution of weight at the bottom of any infinite system is independent of the details of how forces are distributed at the top, at least in the limit when the height of the system is taken to infinity before its transverse dimensions. This is true for each system individually, and is therefore also true for the full ensemble of systems with different realizations of randomness (the choice of q ij 's), so that the solutions we have obtained so far for quantitites like P (v) are unique. For any particular system, however, the weights on the different sites at the bottom do depend on the q ij 's; in fact, with all the q ij 's specified, the weights on the different sites are completely determined. Even for a single system, however, statistics can be obtained by measuring quantities across all the sites in the bottom row; for a system of infinite transverse size the measurements then lead to distributions. At least for the "uniform" q-distribution, any quantity like, say, P (v), is the same, whether obtained by averaging over sites in a single system or for a single site over the entire ensemble. This is because, as we have seen, the ensemble averaged distribution of
any single system chosen randomly from the ensemble, this is the probability density that the normalized weights in the bottom row take on the specific values {v 1 , v 2 , . . . , v L }. The probability that l of these L sites will have v i greater than some v 0 is then
P (v)dv, so that the site averaged result is the same as the ensemble average. We expect this to be the case even for more general q-distributions, for which the ensemble averaged P (v 1 , v 2 , . . . , v L ) does not have a product form, so long as the transverse correlation lengths are finite.
III. NUMERICAL SIMULATIONS OF SPHERE PACKINGS
We now discuss the relevance of the q-model to granular materials. Although we have
shown that the q-model yields an exponentially-decaying force distribution independent of the details of the q-distribution, to make quantitative comparison of this model to granular systems, we must know the q-distribution for a granular material. To make this comparison,
we have performed molecular dynamics simulations of three-dimensional sphere packings, analyzed the contact distributions to estimate the distribution of q's, and then calculated the force distribution in the sphere packing and compared it to that predicted by the qmodel. Our simulations yield results for the contact force distributions that are consistent with previous work; [28] [29] [30] [31] the new ingredient here is that the geometry of the packing is characterized simultaneously, allowing testing of the statistical assumptions underlying the q-model.
Our simulation consists of 500 spherical beads of weight and diameter unity in a uniform gravitational field with gravitational constant g = 1, interacting via a central force F of the
Here, F o is the force constant, chosen so that a sphere has a deformation of δr = 0.001 when subjected to its own weight, and δr is the deformation of each bead at the contact. The box containing the beads had a fixed bottom, and lateral dimensions of 5.5 × 5.5. In each simulation, the spheres are initially placed in a loose rectangular lattice with lattice constants of 1 × 1 × 1.5 and have random initial velocities uniformly distributed in the range −V max < V x,y,z < V max , where V max = 50 is large enough to yield significantly different packings from run to run. By freezing the motion of the beads whenever the total kinetic energy of the system reaches a maximum, the kinetic energy of the system is reduced and eventually the spheres all settle to the bottom of the box. Starting with a flat bottom, the regularity of layer-like packing reduces as the height increases. A rough bottom was obtained by selecting the beads with height between H and H + 1 (typically, H ∼ 10) and this rough bottom was used for the next simulation. Within a few iterations, the statistical properties of the rough bottom becomes independent of its initial configuration; this configuration of spheres at the bottom of the box is then fixed and used as a boundary condition for subsequent packing simulations.
In our packings, a sphere can have up to 6 contacts on its bottom half. However, on average, the three strongest vertical forces at these contacts sustain over 98% of the load; three or fewer particles supported at least 90% of the weight for over 92% of the particles.
Therefore, comparison with the q-model with N = 3 is reasonable.
We estimate the q-distribution for the sphere simulation by calculating the fractions of the total vertical force supported by each of the three strongest contacts.
[32] To display our results for the q-distribution for the simulation of hard spheres, we define the variables Figure 6 , which is bounded by the lines α 1 > 0, α 2 > 0, and √ 3α 1 + α 2 < 1. As Figure 6 demonstrates, there is some deviation from the uniform q-distribution because a nonzero fraction of the particles have q 1 = α 2 = 0. A reasonable description of the numerically observed particle contact distribution is obtained by taking each particle and assigning with probability p, l, and u into "point", "line", and "uniform" pieces. In the "point" piece one of the q's has value unity, and the other two are zero. In the "line" piece one of the q's is set to zero, and the other two are determined as in the N = 2 uniform distribution. between the two is surprisingly good considering the "arching" [1] in the sphere simulation, as reflected in the "line" and "point" pieces of the q-distribution for the spheres. To examine the effects of arching on the results, we examined the force distribution resulting from the "q-model" with the three-piece q-distribution, which more closely approximates that of the sphere simulation. Figure 8 shows the numerically calculated P (v) for the q-model with the three-piece distribution with p = 0.017 and l = 0.1635, together with the solution for the uniform distribution and the numerical data from the sphere simulation. Changing the q-distribution has little effect on P (v); to the extent that there is a change, it appears to improve the already good agreement between the q-model and the sphere simulation.
Thus, our simulations indicate that our sphere packings are reasonably well-described (at the ∼ 15% level) by the uniform q-distribution. Deviations from this q-distribution are observed; accounting for them improves the already good agreement between the q-model and the simulations.
IV. DISCUSSION
This paper presents a statistical model for the force inhomogeneities in static bead packs and compares the results to numerical simulations of disordered sphere packings. The irregularities of the packing are described probabilistically, in terms of spatially uncorrelated random variables. Although there is a special q-distribution for the q-model that leads to a force distribution that decays as a power law at large forces, we have presented evidence that the force distribution decays exponentially at large forces for almost all q-distributions.
We obtain exact results for all the multipoint force correlation functions at a given depth for a countable set of q-distributions, including one that is "generic" (the "uniform" distribution). The force distribution function for the uniform case agrees quantitatively with that obtained for the sphere simulation. Our numerical calculations demonstrate that a modified distribution of q's which more closely approximates that observed for the sphere simulation improves the already good agreement between the force distribution predicted by the q-model using the uniform q-distribution and simulations of spheres. Thus, this model appears to contain some essential features of the force inhomogeneities in granular solids. In summary, we have presented and analyzed a statistical model for force inhomogeneities in stationary bead packs. The model, which predicts that force inhomogeneities decay exponentially at large forces for almost all contact distributions, agrees well with numerical simulations of sphere packings as well as experiment. [7] APPENDIX A: THE UNIFORM q-DISTRIBUTION
Here we consider the "uniform" q-distribution, which is the simplest q-distribution consistent with the restriction that For N = 2, if one chooses q 1 between 0 and 1, then q 2 = 1 − q 1 must also be between 0 and 1, so that η u (q) = 1. When N = 3, configuration will be retained only if
Therefore, the probability of obtaining a value of q is given by:
where M is a normalization constant. Since For general N, η u (q) can be written:
where
Using the identity
one can show that .... 
